Chapter 0: Introduction

0.3 Assume, for n > 1, that H;(S") = Z if i = 0, n, and that H;(S") = 0 otherwise.
Then the equator of the n-sphere is not a retract for n > 1.
PROOF. First, suppose 7 = 1. Then S is the unit circle and §"~' = {+1}. If there
were a continuous map 7 : S” — S"!, then $"~! would be the continuous image
of a connected space, making S”~! connected. This is a contradiction.

Now suppose n > 1. Suppose, for contradiction, that » : §" — §" ! is a
retraction. This makes the following diagram commutative:

SN

Sn—l 1 s Sn—l

where 7 is inclusion and 1 is the identity. It follows from the properties of H,_;
that the diagram

Hn—l(Sn)

Hn—l(l/’ \I_In‘—l(r)

H, (1 B
Hy (57— o g (s

is commutative. Note that H,_;(1) is the identity homomorphism. By assump-
tion, H,_1(S") = 0 and H,_;(S"!) = Z. This implies H,_(r) is the trivial
homomorphism, which is a contradiction since the diagram commutes. O



0.4 If X is a topological space homeomorphic to D", then every continuous f :
X — X has a fixed point

PROOF. Let h : D" — X be a homeomorphism. Let g : D" — D" be defined by
g = h™'o foh. Then g is continuous, so that g has a fixed point x by the Brouwer
fixed-point theorem. Thus g(x) = x, so that f(A(x)) = h(x). It follows that A (x)
is a fixed point of f. O

0.10. EXAMPLE. Let G be a monoid, that is, a semigroup with 1. Then the
following construction gives a category €. Let obj € have exactly one element,
denoted by *; define Hom(*, *) = G, and define composition G X G — G as the
given multiplication in G. Since multiplication in G is well-defined, it follows
that composition is well-defined. We check axioms (i), (ii), and (iii). (i) is true
vacuously. (ii) is true since multiplication is associative in G. The identity 1 in
G is the identity 1, € Hom(x, *). Thus & is a category. Note that this example
shows morphisms may not be functions.



0.12. EXAMPLE. Given a category &, we show that the following construction
gives a category /. First, an object of ./# is a morphism of &, Next if f, g €
obj,say f : A— Band g : C — D, then amorphismof M : f — gin ./ is
an ordered pair (&, k) of morphisms of € such that the diagram

>~

:

S

commutes. Define composition coordinatewise:
(W, k") o (h,k)=(h"oh,k'ok).

Let f:A—> B, f :C — D,and f” : E — F be objects in /. Let (h, k) €
Hom( f, f’) and (4’, k') € Hom(f’, f”). Then (h’ o h,k’ o k) € Hom(f, ")
since f"ohoh=k"of ' oh=k'oko f:

A—LspB
b
f/
c-Lsp
h k’
E-LsF

Hence, composition is well-defined. To check axiom (ii), observe that compo-
sition is associative since corrdinatewise composition is associative. Finally, for
each f: A — B, we have 17 = (14, 1p).



0.13. EXAMPLE. We show thaqt Top? is a subcategory of ./, where ./ is the
category constructed in Exercise 0.12 with € = Top. We regard a pair (X, A) €
obj Top? as an inclusion i : A < X. Since i € Homg (A, X), we have i € obj./Z.
Now let B C Y, let j : B — Y be inclusion, and let (f, f’) € HomTopz(i,j).
Then the following diagram commutes:

Thus (f, f’) € Hom_4 (i, j). Finally, composition is coordinatewise in both Top?
and A .

0.14 EXAMPLE. Let G be a group and let € be the one object category it de-
fines (Exercise 0.10 applies because every group is a monoid): objé = {x},
Hom(*, *x) = G, and composition is the group operation. If H is a normal sub-
group of G, define x ~ y to mean xy~' € H. We show that ~ is a congruence on
€ and that [*, %] = G/H is the corresponding quotient category. We know that ~
is an equivalence relation on G = Hom(x, %) from abstract algebra. Property (i)
for congruences is satisfied trivially. For property (ii), suppose a(a’)~! € H and
b(b")~' € H. Since H is normal, we have

(ab)(a'b) ' =ab(b') (@) =ah(a) ' = Ha(a) ' = 'h € H,

where h, W', h”” € H, and so ab ~ a’b’. For the corresponding quotient category,
observe that obj6” = obj€ = {x}, Homg (x,%) = {aH : a € H}, and aH o bH =
abH. Thus [*,%] = G/H.



0.17. Let € and & be categories, and let ~ be a congruenceon ¢. If T : ¢ — &
is a functor, then 7 defines a functor 77 : €' — & (where €’ is the quotient
category) by T'(X) = T(X) for every object X ad T'([f]) = T(f) for every
morphism f.

PROOF. We verify that T satisfies properties (i)-(iv) in the definition of functor.
For property (i), let X € obj%’. Then X € obj% and T’'(X) = T(X) € obj«/. For
(ii), let [ f] be a morphism in €. Then T’([ f]) = T(f) is a morphism in & since
T is a functor. For (iii), let [ f], [g] be morphisms in €’ for which [g] o [ f] is
defined. Then

T'([glo [fD=T"([ge fH=T(go f)
=T(g) o T(f) =T"([g]) e T'([SD.

For (iv), if A € obj&”, then A € obj€ and
T'([1a]) =T(14) = 174 = 1774,

since T is a functorand TA =T’ A. O

0.20. EXAMPLE. If X is a topological space, let C(X) be the set of all continuous
real-valued functions on X. We show that X +— C(X) gives a (contravariant)
functor Top — Rings. It is clear that C(X) is a commutative ring with 1. Let
m : X; — X, be continuous. Define Cm : C(X,) — C(X;) by Cm(f) = f om.
Then

Cm(f+g)=(f+g)om=(fom)+(gom)
and

Cm(fg) = (fg)om=(fom)(gom).

Hence, Cm is a homomorphism. To check property (iii), observe thatif n : X, —
X3 is continuous, then

C(nom)(f)=fonom=(CmoCn)(f).

Finally, C1x(f) = f o 1x = f, so that Cly is the identity map on C(X); that is,
Cly =1¢x.



Chapter 1: Some Basic Topological Notions

1.2. EXAMPLE. (i) Suppose X =~ Y and X is contractible. Since X is contractible,
there is a continuous map F : X X I — X such that F(x,0) = x and F(x, 1) = xo,
where xg € X, forall x € X. Let g : ¥ — X be a homeomorphism. Define
G:YXI—Yhby

G(y,i)=g "o F(g(y),i).

Then G is continuous since g, g~', and F are. Observe that G(y,0) = g~ (g(y)) =
yand G(y,1) = g7'(xo) for all y € Y. It follows that 1y is null-homotopic. Thus
Y is contractible.

(ii) If X and Y are subspaces of euclidean space, X ~ Y, and X is convex, then Y
might not be convex. For example, a line segment and the closed half circle are
homeomorphic. However, the line segment is convex and the closed half circle is
not.

1.3. Let R : S' — S! be rotation by @ radians. Then R =~ 1g, where 1g is the
identity map of S'. Thus every continuous map f : S' — S! is homotopic to a
continuous map g : S' — S! with g(1) = 1 (where 1 = ¢2™0 ¢ §1).

PROOF. Define R, : S' — S' by R, (") = ¢!*®)_ Define F : S' x I — S' by

F(eit, S) — ei(t+a(l—s))'

Then F is continuous since small perturbations in S' and s produce small per-
turbations in the image. Observe that F(e!,0) = R,(e") and F(e',1) = e".
Therefore, F : R, ~ 1g.

Now suppose f : S' — S! is a continuous map and suppose f(1) = e#. Take
g=R go f.Theng = Igo f = f by Theorem 1.3. O



1.13. For a fixed t with 0 < 7 < 1, x + [x, ] defines a homeomorphism from a

space X to a subspace of CX.
PROOF. For A C X, define A X {t} = {[x,t] : x € A}. Itis easy to see that
{U x{t} : Uisopenin X} is a basis for X X {¢t}. Define g : X — X x{t} by
g(x) = [x,t]. Clearly, g is bijective. If U is open in X, we have g(U) = U x {t}.

Therefore, g and g~! are continuous. Thus g is a homeomorphism. m|




1.29. EXAMPLE. For n > 1, we show that S” is a deformation retract of R**! —
{0}. Let X = R™! — {0}, and define F : X x I — X by

F(x,t) =(1-1)x+1x/||x].

THen F is continuous and r : X — §”, defined by r(x) = F(x, 1) is continuous.
Since F(x,0) =xforallx € X, F(x,1) =r(x) € S"forallx € X and F(x,1) =x
for all x € S, it follows that S” is a deformation retract of X.

1.31. Leta = (0,...,0,1) and b = (0,...,0,—1) be the north and south poles,
respectively, of $”. Then the equator, S"=1 is a deformation retract of S" — {a,b};
hence, $"~! and S — {a, b} have the same homotopy type.

PROOF. Let X = 8" — {a,b} and Y = R" — {0}. Let g : X — Y be the home-
omorphism induced by stereographic projection. By Exercise 1.29, $* ! is a
deformation retract of Y. Hence, there is a continuous function G : Y X I — Y
such that G(y,0) = y forally € Y, G(y,1) € §" ! forall y € ¥, and G(y, 1) = y
forall y € $"~!. Define F : X x I — X by

F(x,1) =g 0 G(g(x),1).

Then F is continuous. Observe that F(x,0) = x forall x € X, F(x, 1) € §*! for
allx € X, and F(x,1) = x forall x € §" ! since g : x — x forallx € §""!. It
follows that $”~! is a deformation retract of X. |



Chapter 3: The Fundamental Group

3.1. Generalize Theorem 1.3 as follows. Let A € X and B C Y be given. Assume
that fo, fi: X — Y with fy|lA = f1|A and f;(A) C B fori = 0, 1; assume that
g0, 81:Y — Z with go|B = g1|B. If fo ~ firel A and g9 ~ g; rel B, then
go o fo = gio firel A.

PROOF. Let F : fy ~ firel Aand G : gy ~ g rel B be homotopies. Define
H:XxI— ZbyH(x,t) = G(fo(x),t). Clearly, H : goo fo ~ g1 o fyrell.
Next, let K : X x I — Z be the composite g; o F. Then K : gj o fo =~ gy o fj rel 1.
This, together with the transitivity of the relative homotopy relation implies our
result. O

32@G) If f: 1 — X isapath with f(0) = f(1) = xp € X, then there is a
continuous [’ : ' — X given by f’(e?™) = f(1). If f, g : 1 — X are paths with
£(0) = f(1) =x0 = g(0) = g(1) and if f ~ g rel I,then f’ ~ g’ rel {1}.

(ii) If f and g are as above, then f =~ firell and g ~ g relI implies that
frxg = f g rel {1}

PROOF. (i) First, f” is well-defined and continuous since ¢*™’ — [¢] is a home-
omorphism S! to I/I. Suppose F : f ~ grell. Define F/ : S' x1 — X by
F’(e?™ s) = F(t,s). Then F’ : f’ ~ g’ rel {1}.

(i) By Theorem 3.1, there is a homotopy H : f * g =~ f; % g; relI. Define
H :S'xI— Xby H'(e?™,5) = H(t,s). Then H' : " % g’ ~ fi=gjrel{1}. O



3.4 Let o : A — X be continuous, where A% = [ep, €1, e2]. Define &g : I — A2
as the affine map with £y(0) = e; and £ (1) = ey; similarly, define £; by £;(0) =
ep and g9(1) = e;, and define &; by £,(0) = eg and £;(1) = ¢;. Finally, define
gi=oog;fori=0,1,?2.

(i) (oo x o[ 1) % o is nullhomotopic rel 1.

(ii) (o * o) * 05! is nullhomotopic rel I.

(iii) Let F : IXI — X be continuous, and define paths «, 8, y, 6 in X as located in
the figure. Thus a(r) = F(¢,0), B(t) = F(t,1),y(t) = F(t,0),and 6(¢t) = F(1,1).
Then @ =~y % 8% 6 ' rel 1.



3.6. () If f ~ grel 1, then f~! ~ g7 ! rel I, where f, g are paths in X.
(ii) If f and g are paths in X with w(f) = a(g), then

(fxg) =gt fl.

(iii) There exists a closed path f with f * f~1 # f~1 « f.

(iv) If @(f) = p and f is not constant, then i, * f # f.

PROOF. (i) Let F : f ~ grel I. Define F/ : Ix1 — X by F'(t,s) = F(1 —t,s).
Then F is continuous. Moreover, F’(¢,0) = f~!(z) and F’(t,1) = g~!(¢) for all
t € I. Finally, F’(0,s) = f~'(0) = g71(0) and F’(1,s) = f~'(1) = g 1(1) for all
s € I. Therefore, F’ : f~' ~ g7l rel I.

(ii) We have

(f*8) () =(f*g)(1-1)

£2(1-1) ifo<1-r<1/2
g2(1-0)—1) if1/2<1-t<1

_ Js(1=2) if0<t<1/2
Clra-@-1) if12<r<
_Jet@) ifo<r<1/2
Sl ftee-1 if1/2<t<1

= (g ).

(iii) Define f : I — S!' by f(¢) = >™. Clearly, f * f~' # f~! % f. For example,
(f = f71)(1/8) = e™/Z and (f~' * £)(1/8) = ¥/,

(iv) We show that there is ¢ € I'such that (i, * f)(z) # f(¢). Ift < 1/2and f(¢) #
p, then clearly, (i, = f)(t) # f(t). Therefore, we may assume that f () = p for
all #in [0, 1/2]. Assume, for contradiction, that (i, * f)(¢) = f(2t—1) = f(¢) for
all r € (1/2,1]. Lett € (1/2,1). Then by repeated applications of the equality
f(t) = f(2t — 1), we obtain f(¢) = f(s) for some s € [0, 1/2]. Thus f(¢) = p.
This is a contradiction since f is not constant. |



3.1 1If X = {xo} is a one-point space, then 71 (X, xo) = {1}.
PROOF. Since X has only one element, there is only one path in X; namely
t — xo for all t € I. Thus 71(X, x0) is a group with one element. |

3.14. If f is a closed path in S! at 1 and if m € Z, then  — f(¢)™ is a closed
pathin S' at 1 and

deg(f™) = mdeg(f).

PROOF. Let f be the lifting of f with £(0) = 0 and let /™ be the lifting of
™ with f™(0) = 0. We show that J™ = mf. Clearly, mf is continuous and
mf(0) =m -0 =0. Further, f = (expf)™ = exp mf. It follows that

deg(f™) = fm(1) = mf(1) = mdegf.

3.16. If T is the torus S' x S!, then

m1(T, 1)) = Z x Z.
PROOF. By Theorem 3.16, (S, 1) = n((S',#;) = Z for all t1, 1, in S'. Let
to = (t1,12). Then by Theorem 3.7, we have

m1(T,to) = w1 (SY, 1) x w1 (ST, 12)
=7 x7Z.



Chapter 4: Singular Homology

4.3. For a given space X, define S;(X) to be the free abelian group with basis all
paths o : I — X, and let So(X) be the free abelian group with basis X.

(i) There is a homomorphism 9; : S1(X) — So(X) with 90 = o (1) — o (0) for
every path o in X.

(ii) If x1,x0 € X, then x; — x9 € im 9, if and only if xo, x; lie in the same path
component of X.

(iii) If o is a path in X, then o € ker 9, if and only if o is a closed path. Exhibit
a nonzero element of ker d; that is not a closed path.

PROOF. (i) This follows form Theorem 4.1.

(ii) Suppose x; — xo € im 0;. Then there is a path o : I — X with 0j0 =
o (1) = o (0) = x; — xg. This implies o (1) = x; and o-(0) = x¢. Hence, x1, x¢ lie
in the same path component of X.

Conversely, suppose x1, xg lie in the same path component of X. Then there is
apatho : I — X with 0(0) = xp and (1) = x;. Hence, x; —xg = o(1) -0 (0) =
(91 (0‘ )

(iii) If o is a path, we have o € ker 9; iff (1) (0) = 0iff o (1) = o (0) iff o is
closed. Further, if o, 0 are paths in X with o1 (1) = 0»(0) and o1 (0) = 0 (1),
then o + 0 is a nonzero element of ker 0, that is not a closed path. O



4.4. EXAMPLE. We show that if X = @, then H,(X) = 0 for all n > 0. Since
X = @, §,(X) is the free abelian group with basis @, so that §,(X) = 0 by
definition (see Thm 4.2). If n > 0, then 9, : S,(X) — S§,-1(X) is given by

0, : 0 — 0. Thus Z,(X) = ker 9, = 0 and B, (X) = im d,4; = 0. Hence,
H,(X) = Z,(X)/Bu(X) = 0.

4.6. For each fixedn > 0, S, : Top — Ab is a functor.
PROOF. We have already defined S, (X) on objects X. If f : X — Y is a contin-
uous map, define fi : S, (X) — S,(Y) by

[t (Emgo) =Zme(foo0).
Then S, (f) is a homomorphism since
fe(Zmeo+Zn,0) =2 (me+ny)(foo) = fa(Zmeo) + fu(Z neo).
To check condition (iii), let f : X — Y and g : Y — Z be continuous. Then
(8o N#(Emeo) =Zmg(go foo)=(gso fi)(Emgo).
Finally, if 1y : X — X is the identity, then

Ixp(Zmyo) =X mylyo =X myo.

4.7. EXAMPLE. We show that H,,(S°) = 0 for all n > 0. by Theorem 4.13,
H,(8%) = H,({-1}) x H,({1}),

and by Theorem 4.12, H,({-1}) = H,({1}) = 0.



4.9. EXAMPLE. Using the explicit formula for 8,41,

ﬁ}’t+] = Z(_l)l[a07 LB ’al', bi7 bi+17 LECKY ’bn]’
i=0

we show that
On+1 ﬁn+1 = (/lf# - /13# - Pﬁ_l an) (5)
forn =0and n = 1. Suppose n = 0. Let ag = (eq,0), and let by = (eq, 1). Then

0181 = 01([ao, bo]) = by — ao.

It is easy to see that 13,6 : eg —> (e0,0) = ag and 47,6 : eg — (eq, 1) = bo.
Further, P2 006 : eg +— 0 by definition of P2,. Thus

(/lf# - /18# — Pfl 0p)(0) = /lf# o — /18# 0 — PfI(?o&
= bo —dag
= 01B1.
Now suppose n = 1 and let a; = (e;,0), and let b; = (e;, 1) fori = 0, 1. Then we
have
02 = 02([ao, bo, b1] — [ao, a1, b1])
= [bO, bl] - [ao’ bl] + [00, bO] - [Cll, bl] + [00, bl] - [ao’ al]
= [bo, b1] + [ao, bo] — [a1, b1] = [ao, a1].

Now 43,0 : e; = (e;,0) = a; and 27,6 : e; = (e;,1) = b; fori = 0,1. Thus
A546 = [ao, a1] and 24,6 = [bo, b1]. Observe that

(Pyd1)(6) = P (016)
= Py (g0 — €1)
= P (e0) — Py (&1)
= (g0 X Du(B1) — (&1 X Dx(B1)
= (g0 x )1 — (&1 X 1)1,

where 1 = [ag, bo]. Since
(80 x 1)B1 : eg = ag — (&9 % 1)(ag) = ai,
(g0 X 1)B1 ey = bg = (g9 % 1)(bg) = by,

(e1x1)B1 :eg = ap > (&1 X 1)(ag) = ao,
(g1 X 1)B1 : eq = bo = (g1 X 1)(bo) = bo,



we have (g9 X 1)B1 = [a1,b1] and (g1 X 1)B1 = [ao, bp]. Thus

(ALs — Agy — P 01)(8) = A7y 6 — A4 6 — P16
= [bo, b1] = [ao,a1] = ([a1, b1] = [ao, bo])
= 0.

An explicit formula for Pf (o), where o : Al — X is a 1- simplex, is

P{ (o) = (o x 1)g(B2)
= (o x D#([ao, bo, b1] — [ao, a1, b1])
= (o x 1)[ao, bo, b1] = (o x 1)[ao, a1, b1].

One thus views Pf (o) as the "triangulated prism over o.”



4.13. EXAMPLE. The Hurewicz map is “natural.” If 4 : (X,x9) — (Y, y0) is a
map of pointed spaces, then the following diagram commutes:

m1(X, xo) ey (Y, yo0)

Foob

he
Hi(X) ——— H(Y)
To see this, opbserve that if f is a closed path in X at x¢, then

(eh ) ([f]) = ([ho f]) =cls (ho f)n
= h.(cls fn)
= (ho)([f])

4.14. If f is a (not necessarily closed) path in X, then the 1-chain f is homologous
to —fL.

PROOF. Define a continuous map o : A
picture:

2 — X as indicated in the following

In more detail, first define o on A% o(1—1¢,¢,0) = f(£); (0, 1 =1, 1) = f~1(2);
o(1=1,0,t) = (f * f~1)(t). Now define o on all of A? by setting it constant
on the line segments with endpoints @ = a(t) = (1 —¢,¢,0) and b = b(r) =
((2—-1)/2,0,1/2), and constant on the line segments with endpoints ¢ = c(t) =
(0,1 —t,¢t)and d = d(t) = ((1 —1)/2,0, (1 +1)/2). It is easy to see that
o : A? — X is continuous, that is, o € S>(X). Moreover, do = oy — €| +
oey=f"'n—(f*f"n+ fn. Thus

cs(f'n = (f = fHn+ fn) = Bi(X),

so that
cls(f ™'+ fn) =cls(f = £~

But f * f~! is nullhomotopic, so that cls(f * f~1)n = B;(X) by Theorem 4.27.
Hence, cls(f~'n + fn) = B1(X), and so, f7 is homologous to —f 7. O



Chapter 5: Long Exact Sequences

51. ) If0— A L B is exact, then f is injective (there is no need to label the
only possible homomorphism 0 — A).

(i) If B 5 Cc>0is exact, then g is surjective (there is no need to label the only
possible homomorphism C — 0).

i) If0 — A 55 B — 0 iis exact, then f is an isomorphism.

(iv) If 0 - A — O 1is exact, then A = 0.

PROOF. (i) Suppose 0 — A i) B is exact. Then kerf = im(0 — A) = {0}.
Hence, f is injective.

(ii) Suppose B 2, € — 0is exact. Then img = ker(C — 0) = C. Hence, g is
surjective.

(iii) Suppose 0 — A i> B — 0 is exact. Then f is bijective by (i) and (ii).
Therefore, f is an isomorphism.
(iv) Suppose 0 — A — 0 is exact. Then
0=im(0 — A) =ker(A — 0) = A.
Thus A = 0. O

S2.1fA i> B cSDis exact, then f is surjective if and only if / is injective.

PROOF. Suppose f is surjective. Then kerg = imf = B, so that
kerh=img = B/ kerg = B/B = 0.

Hence, ker 7 = 0, and so, £ is injective. For the converse, suppose # is injective.
Then im g = ker & = {0}. It follows that im f = ker g = B. O

5.3. EXAMPLE. A short exact sequence is an exact sequence of the form

0—>A—i>B£>C—>O.

Then i is injective since ker i = im(0 — A) = {0}. Hence, iA = A. Observe
that ker p = im i = iA and im p = ker(C — 0) = C. Therefore, B/iA = C via
b +iA — pb by the First [somorphism Theorem.



54. If
hn hn—l
'_>Cn+l _>An_>Bn_>Cn_>An—1 —>Bn—1 _)Cn—l —

is exact and every third arrow A, : A,, — B, is an iosomorphism, then C,, = 0 for
all n.
PROOF. Since 4, is surjective, it follows that

ker(B, — C,) =im h, = B,,.
Hence, im(B, — C,) = {0}. Since h,_; is injective, it follows that
im(C,, = A,_1) = ker h,_; = {0}

Hence, ker(C, — A,_1) = C,. Since im(B, — C,) = ker(C,, — A,_1), it
follows that C,, = 0. |



5.6. EXAMPLE. If (S.,0) is a complex with 9, = O for every n € Z, then
H,(S.) =S, foreveryn € Z:

Hn(S*) = Zn(S*)/Bn(S*) = Sn/{o}
= §,.

5.8. A sequence S, i> S. 5 S” is exact in Comp if and only if S, L Sn SR S,
is exact in Ab for every n € Z.
PROOF. We have im f is

coe M fpy o Im fy > Am fop o

and ker g is
- — ker g+ — ker g, > kerg,-1 — - -,

Thus im f = ker g if and only if im f, = kerg, for all n if and only if S; ﬂ>

8n "o
Sp — S, is exact for all n. m]



S.11. The third isomorphism theorem holds in Comp. If U, c T. c S, are
subcomplexes, then there is a short exact sequence of complexes

0T, /U5 S, U D 8. /T, — 0,

where i, : t, + U, — t, + U, (inclusion) and p, (s, + Uy,) = s, + T),.
PROOF. Let n € Z. Observe that

(gnin)(tn + Un) = 6ntn +Up-1 = (in—la_n) (tn + Un)
and

(5npn)(sn +U,) =0psn+Ty-1 = (pn—lgn)(sn +U,).

It follows that i and p are chain maps.

Observe that ker i, = {U,} = im(0 — T,/U,) and im p, = S,/T, =
ker(S,/T, — 0). Finally, we show that im i, = ker p,. Lett, + U, € im i,.
Then

Pu(ta+Uy) =1, +T, =T,,

so that ¢, + U, € ker p,. For the reverse inclusion, let s, + U,, € ker p,,. Then
Pu(spn+U,) =s,+T,=T,,

sothat s, € T,,. Thus s, + U,, € im i,,. O



5.12. For every n, H,(2,S%) = ,H,(5%).
PROOF. Let (5%, 0%), (2,52, ) be chain complexes and define ¢ : H,(Z,5}) —
S H, (S by ¢ @ cls(Zyst) > Zicls st Since 0,(Zas7%) = 2y ddst, it is easy to

n

see that ;5% € B,(2,57) if and only if s* € B,(S%) for all A.To show that ¢ is
well-defined, suppose cls (;5%) = cls(Z,2}). Then

S(sy —17) = Zasp — Zaty € By(,57),

so that s¢ — ¢} € B,(S7) for all A. Hence, Z,cls s? = X ,cls 2.
To show that ¢ is injective, suppose Zcls s% = Z;cls 74, Then cls s = cls #}
for all A, so that s — ¢4 € B, (S%) for all A. Thus

sk = aty = Z(sp — 1) € By(50),

so that cls(Z;s4) = cls(Zaz}). Itis clear that ¢ is surjective.
Finally, we show that ¢ is a homomorphism. We have
@(cls(Eas)) +cls(Zar) = @(cls(Ea(st + 1)) = Sacls(st + 1)
= X, clss? + Zyclst?
= @(cls(Zas0) + p(cls(at)).



Chapter 7: Simplicial Complexes

7.4. (i) If K is a simplicial complex and F is a subset of |K]|, then F is closed if
and only if F N s is closed in s for every s € K.

(i) If s is a simplex in K of largest dimension, then s° = s — § is an open subset
of |K]|.

PROOF. (i) If F is closed in |K|, then F N s is closed in s by the definition of
subspace. For the converse, suppose F N s is closed in s for every s € K. Let
1, ..., Sy be the simplexes in K. Then for all j, there is some closed set A; of
|K| such that FN's; = A; Ns;. Now each A; N s; is closed in |K| since each s;
is closed in |K|. Thus

m m

F:Fm|K|=Fﬂ(USj)=U(FﬂSf)

Jj=1 Jj=1
m
= U(AJ N Sj)
j=1

is closed in |K|.

(ii) Let s € K. Then (|K| — s°) N s’ is either s — s° or is all of s’. Hence, |K| — s°
is closed in s’. It follows from part (i) that |K| — s° is closed in |K|, so that s° is
open in |K|. O



7.10. A simplicial map ¢ : K — L is a simplicial approximationto f : |[K| — |L|
if and only if, whenever x € |K| and f(x) € s° (where s is a simplex of L), then
lol(x) € 5.

PROOF. Suppose s € L with f(x) € s°. Suppose s’ is a simplex in K with
x € (s')°. We show that |¢|(s”) is a face of 5. Suppose |¢|(s”) is not a face of s.
Then there is p € Vert(s’) such that ¢(p) € Vert(|¢|(s”)) — Vert(s). But

f(x) € f(st(p)) C st(e(p)).

This is a contradiction since ¢(p) is not a vertex of s.
For the converse, suppose p € Vert(K) and x € st(p). The there is s’ € K
with p € Vert(s’) and x € (s”)°. Hence,

lol(x) € lel((s)°) < lel(s')°.

Suppose f(x) € s° for some s € L. Then |¢|(x) € s by hypothesis. Since |¢|(s")°
and s have a point in common, namely |¢|(x), it follows that |¢|(s”) is a face of
s. Thus ¢(p) € Vert(s), and so,

f(x) € s° Cst(e(p)).
We have shown that f(st(p)) C st(¢(p)). O

711. If ¢ : K — L is a simplicial approximation to f : |K| — |L|, then || ~ f.
PROOF. For each simplex s in K, define G5 : s X I — |L| by

Gy(x,i) = f()(1 = i) + o] (x)i.

Note that each G is well-defined since if f(x) € s°, then |¢|(x) € s by Exercise
7.10. Thus Gy : f|s = |¢||s. Thus there is a unique continuous G : |K| X1 — |L|
defined by G (x,i) = G(x,i) by the Gluing Lemma. Hence, G : f =~ |¢p|. O



